The aim of this work is to deal with effective questions related to the Kobayashi and Debarre conjectures, and based on the work of Damian Brotbek and Lionel Darondeau. We first show that if a line bundle L generates k-jets, the k-th Wronskian ideal sheaf associated with global sections of L reaches its largest possible value. Then we obtain an effective estimate for a weaker version of a theorem of Nakamaye on certain universal Grassmannians. We finally derive from this explicit effective bounds for the Kobayashi and Debarre conjectures.
Introduction
The celebrated Kobayashi conjecture states that a general hypersurface in P n of sufficient large degree d ≥ d 0 is Kobayashi hyperbolic. In the last 15 years, at least three important techniques were introduced to study this problem: Siu's slanted vector fields for higher order jet spaces [10] , Demailly's approach for the study of the Green-Griffiths-Lang conjecture through directed varieties strongly of general type ( [7] ), and Brotbek's recent construction of families of varieties which are deformations of Fermat type hypersurfaces [3] . Inspired by their proof of the Debarre conjecture [2] and by the form of equations used by Masuda and Noguchi, Brotbek [3] gave an elegant and relatively short proof of the Kobayashi conjecture. Although his proof does not yield an effective lower bound for the degree d 0 , he has been able to give a formula for d 0 which depends on two constants M and m ∞ appearing in connection with certain Noetherianity arguments. In this paper we determine these two constants and thus give an effective lower bound for the degree of general hypersurfaces that are Kobayashi hyperbolic (see Main Theorem 1 below).
The above mentioned constant M , that depends on n, arises in the following theorem of Nakamaye: Let X be a Kähler manifold and L a big and nef line bundle on X. Then the null locus Null(L) of L coincides with the augmented base locus B + (L). It we fix an ample divisor A on X, by the Noetherian property there exists a positive integer m 0 such that for m ≥ m 0 one has Bs(mL − A) = B + (L) = Null(L). Now we are led to the following effectivity problem: Problem 1.1. Can one get an effective bound for m 0 that depends on some numerical constants related to L and A?
In general, this problem is hard to answer. Fortunately, in order to compute M , we only need to consider some concrete projective manifolds which are universal Grassmannians, and the case where L is the pull back of the tautological line bundle. Our first main result is Theorem 3.1, which is an "almost" Nakamaye Theorem. To make things more precise, although we could not get the effective bound in the original statement of Nakamaye, we can obtain a bound such that the corresponding base locus is good enough to ensure that the arguments of [3] are still valid. The method can also be used to study the effective problem for the ampleness of the cotangent bundles of general complete intersections ( [2] ).
The constant m ∞ appears in relation with the Wronskian ideal sheaf attached to the DemaillySemple tower. Let L be a very ample line bundle on the Kähler manifold X. Given a collection of holomorphic sections s 0 , . . . , s k ∈ H 0 (X, L), Brotbek [3] introduced the Wronskian associated with these sections as
where X k is the k-stage Demailly-Semple tower for the absolute directed variety (X, T X ). Let
be the associated sublinear system of
Then the Noetherian property shows that this increasing sequence stabilizes for some m 0 := m ∞ (X k , L), and the asymptotic ideal sheaf is denoted by m ∞ (X k , L). As was proved in [3] , m ∞ (X k , L) does not depend on the very ample line bundle L and is called the asymptotic Wronskian ideal sheaf, denoted by m ∞ (X k ). Now we have the following natural problem:
The following theorem solves Problem 1.2:
In particular, if L is known to be only very ample, we have m ∞ (X k , L) = k.
By Theorem 1.1 we have m ∞ = n if we take k = n. By using some further arguments of [3] we then obtain the following effective lower bound for the degree of general hypersurfaces in the projective manifold X which are Kobayashi hyperbolic:
Main Theorem 1. Let X be a projective manifold of dimension n and L a very ample line bundle on X. Then a generic hypersurface in
The technique can also be used to study the corresponding effectivity question in the Debarre conjecture, and we obtain in this case the following result: 
Asymptotic Wronskian Ideal Sheaf in the Demailly-Semple Tower
We denote by (X k , V k ) the Demailly-Semple tower for (X, T X ), where X is a complex manifold, and D j := P (T X j−1 /X j−2 ). With an abuse of notation in our context, we also identify D j with the divisor of X k given formally by the pull-back π
is a trivial product of U ×R n,k , where R n,k is the universal rational variety C nk /G n [5] . We denote by g k : π
is also a trivial product U × E j under the biholomorphism g k , where E j is a smooth prime divisor in R n,k . Let p ∈ U be the point corresponding to the origin in the coordinate (z 1 , . . . , z n ). Therefore, we have the following biholomorphism q k •g k : π
is the projection to the second factor. In the paper, we will make the convention that any germ of holomorphic curve is defined over p, and we will not distinguish the points in E j and π
For any germ of holomorphic curve ν(t) with ν(0) = p, its lift to the (k − 1)-th DemaillySemple tower
. Then by the definition of the Wronskian, for any f 0 , .
, given by
and denote by I n,k ⊂ O R n,k the base ideal of the linear system S. By the product property (and the invariance by translation) we find
Proof. For any w ∈ R n,k , by a theorem in [5] , there exists a germ of curve ν :
and take w to be arbitrary, we infer the theorem. Since f 0 ∈ m k+1 p , then the multiplicity of f 0 • ν(t) at 0 must be no less than k + 1, and thus
is still holomorphic for i = 0, . . . , k. Thus
Since the Wronskian operator W :
is the positive integer defined in Section 1. In particular, if L is known to be only very ample, we have m ∞ (X k , L) = k.
Effectivity of a "good" base locus for universal Grassmannians
In this section we study Problem 1.1 for some specific manifolds. First we begin with some definitions. For the reader's convenience, we adopt the same notations as in [3] . We consider V :
, that is, the space of homogenous polynomials of degree δ in C[z 0 , . . . , z n ], and for any J ⊂ {0, . . . , N }, we set
Given any ∆ ∈ Gr k+1 (V) and [z] ∈ P N , we write ∆([z]) = 0 if P (z) = 0 for all P ∈ ∆ ⊂ V . We then define the family
and for any J ⊂ {0, . . . , N }, set
is a generically finite to one morphism. We also define q 2 : Y → P N to be the projection on the second factor. Let L be the very ample line bundle on Gr k+1 (V ) which is the pull back of O(1) under the Plücker embedding. Then q * 1 L | Y J is a big and nef line bundle on Y J for any J. For any J ⊂ {0, . . . , N } we denote by p J : Y J → Gr k+1 (V ), andp J : Y J → P J the second projection. Similarly we set
By the theorem of Nakamaye we have
From now on we assume that k + 1 = N (since this is enough in Brotbek's work), and thus q 1 : Y → Gr k+1 (V) is a generically finite-to-one surjective morphism. We first deal with the case J = ∅.
Let us pick a smooth rational curve C in Gr k+1 (V ) of degree 1, namely the curve given by
where [t 0 , t 1 ] ∈ P 1 . We are going to show that ∆([t 0 , t 1 ]) : P 1 → Gr k+1 (V ) is a smooth embedding from P 1 to Gr k+1 (V ), and that the corresponding line C satisfies the degree condition L ·C = 1.
Then {z I } I∈I is a basis for V , and the collection of multivectors w (I 0 ,...,I k ) , I 0 < I 1 < . . . < I k , is a basis for Λ k+1 V , where I < J is defined by lexicographical order in I. Now we set J i ∈ I to be z J i := z δ i for 0 ≤ i ≤ k. Then the curveC defined in P(Λ k+1 V ) given by the equations w (I 0 ,...,I k ) = 0 for all (I 0 , . . . , I k ) = (J 1 , . . . , J N ) and (J 0 , . . . , J N −1 ), is of degree 1 with respect to L .C is totally contained in the image of the Plücker embedding of Gr k+1 (V ), whose inverse image is C. Now consider the hyperplane D in P N given by {[z 0 , . . . , z N ]|z 0 + z N = 0}. We have Lemma 3.1. The intersection number of the curve q * 1 C and the divisor q
, where "∼" stands for linear equivalence.
Proof. An easy computation shows that q * 1 C and q * 2 D intersect only at the point
with multiplicity δ N −1 . The first statement follows. By the projection formula we have
Since Pic(Gr k+1 (V)) ≈ Z with the generator L , then we get
We first observe that q * 1 q 1 * q * 2 D − q * 2 D is an effective divisor of Y , and by Lemma 3.1 we conclude that q * 1 L δ N−1 ⊗ q * 2 O P N (−1) is effective. We also have a good control of the base locus as follows:
Claim:
Proof: Indeed, for any y 0 / ∈ q −1 1 (G ∞ ), if we denote by ∆ 0 := q 1 (y 0 ), then q −1 1 (∆ 0 ) is a finite set, and one can choose a hyperplane
From the result above we know that the divisor q * 1 q 1 * q * 2 D ′ −q * 2 D ′ is effective and lies in the linear system
. As y 0 was arbitrary, we conclude that
Since L is very ample on Gr k+1 (V ), and q 1 is finite to one morphism outside q
Now we deal with the general case J ⊂ {0, . . . , N }. First recall our previous notation p J : Y J → Gr k+1 (V ), and letp J : Y J → P J be the second projection. Our method consists of repeating the above arguments. For any y 0 / ∈ p −1
. As y 0 was arbitrary, we know that the base locus of the linear system |q
Thus by the same argument we have
Then there is a natural inclusion i J : Gr k+1 (V J ) ֒→ Gr k+1 (V ), and the pull-back i * J : Pic Gr k+1 (V )
is an isomorphism between the Picard groups such that i * J L is still the tautological line bundle on Gr k+1 (V J ). Moreover, the inclusion Y J ⊂ Gr k+1 (V ) × P J factors through Gr k+1 (V J ) × P J :
and thus our above result (3.1) also holds when k + 1 > N .
In conclusion, we have the following theorem:
Theorem 3.1. For any J ⊂ {0, . . . , N }, and k + 1 ≥ N , we have
for any m ≥ δ N −1 .
Since p −1 J (G ∞ J ) may strictly contain the null locus Null(q * 1 L | Y J ) = E J , Theorem 3.1 does not imply the Nakamaye Theorem used in [3] . However, as was pointed out to us by Brotbek, this theorem is sufficient to obtain the effective bound appearing in Theorem 3.1 of [3] . Indeed, the proof given there is still valid under the weaker condition
for any m ≥ M and any J ⊂ {0, . . . , N }. By Theorem 3.1 we can take the constant M to be δ N −1 . The above theorem can be generalized to the case of products of Grassmannians. We then set N = c(k + 1), and denote
for simplicity. Let Y be the universal Grassmannian defined by
be the canonical projections to each factor; then p 1 is a generically finite to one morphism. Let L be the tautological ample line bundle
and
for any c-tuple of positive integers a = (a 1 , . . . , a c ).
We then define a smooth rational curve C i in G of degree 1, given by
where [t 0 , t 1 ] ∈ P 1 . It is easy to check that ∆([t 1 , t 2 ]) is a smooth embedding from P 1 to G, and that it satisfies the degree condition L(a) · C i = a i for each i. Consider the hyperplane D i of P n given by {[z 0 , . . . , z N ]|z i + z 0 = 0}. Then we have Lemma 3.2. The intersection number of the curve p * 1 C i and the divisor p
Proof. It is easy to show that p * 1 C i and p * 2 D i intersect only at one point with multiplicity b i . By the projection formula we have
is effective, and by arguments similar to those of Section 3 we also find
where G ∞ is the set of points in G such that their p 1 -fiber is not a finite set. We can then apply the methods already used above to show that the same estimate also holds for all the strata Y I of Y .
Effectivity in the Kobayashi Conjecture
In this section we give an effective estimate for the Kobayashi conjecture, based mainly on Theorem 3.1. First, we briefly recall the ideas of [3] describing how Theorem 3.1 can be used to give an effective bound for the degrees of general hypersurfaces which are Kobayashi hyperbolic. We try to make our statements self-contained. Let X be a projective manifold of dimension n and A a very ample line bundle on it. Fix τ 0 , . . . , τ N ∈ H 0 (X, A) in general position. Set I := {I = (i 0 , . . . , i N )||I| = δ}. Consider the universal family ρ : H ⊂ X × A → A of hypersurfaces in X given by certain bihomogenous sections of the form
where for all I ∈ I, a I ∈ H 0 (X, A ǫ ), so that a := (a I ) I∈I ∈ A := ⊕ I∈I H 0 (X, A ǫ ). Set H a := ρ −1 (a) and we only consider the smooth locus A sm ⊂ A which is the Zariski open subset of A such that H a is smooth. Then we can construct a rational map given by the collection of Wronskians
The map Φ factors through the Plücker embedding
If we denote byX k the blow-up ν k :X k → X k of the asymptotic k-th Wronskian ideal sheaf w ∞ (X k ) of the k-th Demailly-Semple tower of X, such that ν * k w ∞ (X k ) = OX k (−F ) for some effective divisor F . Then ν k partially resolves the singularities of Φ, under the condition (based on Proposition 3.8 in [3] ) that
for any x in X. Here I x := {I ∈ I, |τ I (x) = 0}.
Since for any x we have #I x ≥ N −n+δ δ , then if
there exists a non-empty Zariski open subset A def ⊂ A sm such that the rational map Φ| A def ×X k Gr k+1 (C I ) can be resolved into a regular morphism
For example, we can take N = n + 1, k = n and δ = n(n + 1) to satisfy Condition ⋆.
Since the blow-up of the Wronskian ideal sheaf behaves well under restriction, i.e. if Y ⊂ X is a smooth subvariety, then ν k : ν 
If we introduce the map induced byΦ
then when restricted toĤ rel k the morphismΨ factors through Y , which is the universal Grassmannian defined in Section 3
By the definition ofΨ, for any positive integer m we havê
where
. Now take k + 1 = N . By Theorem 3.1, for any m ≥ M := δ N −1 , we have a good control of the base locus
where G ∞ is the set of points in Gr k+1 (C I ) such that the inverse image of q 1 is not finite. If we can find a non-empty Zariski open subset A nef ⊂ A def such that
then we can prove that
is nef onĤ a,k for any a ∈ A nef . If one applies the Fundamental Vanishing Theorem (ref. [5] ) to constrain all entire curves in the base locus, the bundles in (4.3) need to be twisted by the opposite of an ample divisor, i.e. we must have
In order to avoid the positive dimensional fibers, as expressed by condition (4.2), and as was proved in Lemma 3.8 of [3] , δ needs to satisfy the following condition:
If we fix N = k + 1 = n + 1, δ only needs to satisfy
Let X n be the n-th Demailly-Semple tower for X. By Theorem 1.1 we have
which implies m ∞ (X n , A) = n. By the constructions of H a , we see that
By Conditions ⋆, and ♠, for any n ≥ 2, we can take N = k + 1 = n + 1 and δ = n(n + 1), to conclude that:
Theorem 4.1. Let X be a projective manifold endowed with a very ample line bundle, for any
the general hypersurfaces in |H 0 (X, O X (dA))| is Kobayashi hyperbolic.
In particular, for any d ≥ d 0 := n n+1 (n + 1) n+2 (n 3 + 2n 2 + 2n − 1) + n 3 + 3n 2 + 3n, there exists a pair (r, ǫ) ∈ N 2 satisfying Condition 4.5 in Theorem 4.1. This proves our Main Theorem 1.
Remark 4.1. By using Siu's technique of slanted vector fields on higher jet spaces and combining it with techniques of Demailly, the first effective lower bound for the degree of the general hypersurface which is weakly hyperbolic was given by Diverio, Merker and Rousseau [8] , where they confirmed the Green-Griffiths-Lang conjecture for generic hypersurfaces in P n of degree d ≥ 2 (n−1) 5 . Later on, by means of a very elegant combination of the holomorphic Morse inequalities and a probabilistic interpretation of higher order jets, Demailly was able to improve the lower bound to d ≥ n 4 3 n log n log(24n) n [6] . The latest best known bound was d ≥ (5n) 2 n n by Darondeau [4] .
Effectivity for the Ampleness of the Complete Intersection
Let M be a projective manifold of dimension N and A a very ample line bundle on it. For any integer c ≥ N 2 , by the work [2] and [12] we know that when m is large enough, the complete intersection X := H 1 ∩ . . . ∩ H c of general hypersurfaces in H 0 (X, mA) has ample cotangent bundle. In [12] Songyan Xie gave an effective bound N N 2 for m. Our goal in this section is to obtain a better estimate, based on the work [2] .
To start with, we will outline the stategy of [2] to prove that the general complete intersection has an ample cotangent bundle, and show what is involved in order to obtain the effectivity. The general ideas are similar to those used in the proof of Kobayashi hyperbolicity. Howvever, in that case, one does not encounter the intrinsic singularities related with the Demailly-Semple towers, since the Wronskian ideal sheaf arises only for jets of order 2 and higher.
First consider a family p : X → S of complete intersection subvarieties in M cut out by certain c-bihomogenous sections, depending on two c-tuples of positive integers ǫ := (ǫ 1 , . . . , ǫ c ) and δ := (δ 1 , . . . , δ c ), and a positive integer r fixed later. Then for general λ ∈ S, the fiber X λ := p −1 (λ) is a compete intersection of c smooth hypersurfaces A) |, where d p := ǫ p + (r + 1)δ p for each p = 1, . . . , c. Now we can define a rational map Ψ from S × P(Ω M ) to G 2 (δ 1 ) × . . . G 2 (δ c ) × P 2c . As was proved in Proposition 2.4 in [2] , as soon as δ p ≥ 2 for any 1 ≤ p ≤ c, after shrinking the parameter space S to some non-empty Zariski open set U def , when restricted to U def × P(Ω M ), the rational map Ψ is a regular morphism.
Along P(Ω X /S ) ∩ U def × P(Ω M ) , the map Ψ factors through the universal Grassmannian Y defined by , then we have
where G ∞ to be the set of points in G := G 2 (δ 1 ) × . . . G 2 (δ c ) such that the fiber of projection map p 1 : Y → G is not a finite set. Thus if we can shrink U def to some non-empty Zariski open subset U nef ⊂ U def such that
then the bundle
